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History

“In January 1987, Jim Hoste gave a talk at the first Cascade Mountains
Conference and described his work on multivariable generalization of the
HOMFLYPT polynomial of links in S3. He was convinced that his construction
works for 2 colors when the first color is represented only by a trivial
component. His method was to analyze link diagrams in an annulus (the
trivial component being z axis). Jim and I immediately noticed that the
analogous construction for the Kau�man bracket polynomial has an easy
solution. In March 1987 I got a manuscript on “Invariants of colored links”. I
read it carefully and I was trying to generalize the work of Hoste and Kidwell
to n+1 colors (n of which are used to color a trivial link of n components).”



History

“This led my a�ention to the possible torsion related to the Dirac trick (more
precisely with 2-torsion in the mapping class group of the 2-sphere). I
discussed it with McCullough, whom I visited in the first part of April. On the
last weekend of my stay in Oklahoma, I was struck by the idea that I am not
really analyzing colored links, but a (monochromatic) knot theory in the solid
torus or the connected sum of solid tori. Knots are formally added and taken
modulo the skein relation coming from the Jones-Conway polynomial or from
the Kau�man bracket polynomial. For me, this warm April day in Oklahoma
was the birth of skein modules.”



Introduction

In the most general se�ing, a skein module is an algebraic object
associated to a manifold, usually constructed as a formal linear
combination of embedded (or immersed) submanifolds, modulo
locally defined relations. While choosing these relations one takes
into account the following factors:

whether the module we obtain is computable,

how well the skein module distinguishes between di�erent
3-manifolds and di�erent links in the 3-manifolds,

whether the skein module reflects the topology or geometry of
a 3-manifold (for example, the existence of incompressible or
non-separating surfaces in a manifold, or geometric
decomposition of a manifold), and

whether the skein module admits some additional structure
(for example, filtration, gradation, multiplication, Hopf algebra
structure, or categorification).



Why Are Skein Modules Important?

They generalize important link invariants in S3 to any arbitrary
3-manifold.

The construction of the Wi�en-Reshetikhin-Turaev topological
quantum field theory can be described combinatorially using
the language of skein modules.

Certain skein modules have a natural algebra structure which
is related to the SL(2,C) character variety.

They are related to quantum Teichmüller spaces.

They have connections to quantum cluster algebra theory.

They are related to TLn and ATLn and generalise Gram
determinants to arbitrary 3-manifolds.
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Notation

M: oriented 3-manifold
−→L : set of ambient isotopy classes of oriented links in M

Lfr : set of ambient isotopy classes of framed links in M

L
−→
fr : set of ambient isotopy classes of oriented framed links in

M
−→L , Lfr , L

−→
fr may have the empty link ∅

R: a commutative ring with unity and/or a fixed invertible
element A or q

Usually R is either Z[A±1], C[A±1], or Q(A).



A General Definition

Let T0, T1, . . . , Tk−1 be a sequence of k oriented tangles in B3 ⊂ M,
and r0, r1, . . . , rk−1 be a chosen sequence of elements of R. Define

−→
S

be the submodule of R
−→L generated by all expressions of the form

r0LT0 + . . . + rk−1LTk−1 , where LT0, . . . , LTk−1 are k oriented links in M
which are identical outside B3 contained in M but which appear as
the tangles T0, . . . , Tk−1 inside of B3. Finally the quotient module
−→
S = R

−→L/−→S is called a skein module of M, which is denoted by
−→
S (M;R; r0T0 + . . . + rk−1Tk−1; isotopy).

The elements of
−→
S (M;R; r0T0 + . . . + rk−1Tk−1; isotopy) are o�en

called skeins.



The Signed Skein Module

Definition

Let
−→
S be a submodule of R

−→L generated by skein expressions of the
form:

L+

−

L−
−→
S±(M;R, L+ − L−) =

−→
S±(M) = R

−→L/−→S .
−→
S±(M) is a free module over the homotopy classes of links in
M.−→
S±(M) admits a natural algebra structure: L1 · L2 = L1 t L2 and
∅ is the multiplicative identity.
−→
SA
±(M) is a commutative algebra isomorphic to the polynomial

algebra with coe�icients in R and the set of variables is the set
of conjugacy classes of c1(M).



Framing Version of the Signed Skein Module

Definition

Let R = Z[q±1] and S
−→
fr a submodule of RL

−→
fr generated by the

following skein expressions:

L+

−q2

L−
(a) skein relation

L(1)

−q

L
(b) framing relation

Define this skein module as S
−→
fr
± (M) = RL

−→
fr /S

−→
fr .

Przytycki (1997) showed that if M contains a non-separating

2-sphere or torus then S
−→
fr
± (M) has torsion and Kaiser (1997)

showed that torsion occurs only in these cases.



The Second Skein Module

Definition

Let
−→
S 2 be the submodule of R

−→L generated by the skein expressions:

L+

−

L0

The second skein module is defined to be
−→
S2(M, R) = R

−→L/−→S 2.

Theorem (Hoste-Przytycki 1992)

Let q : R
−→L −→ RH1(M,Z) be the epismorphism of R-modules such

that q (L) = [L], where [L] is the class of L in H1(M,Z). Then q can be

factored through an isomporphism q̂ :
−→
S2(M, R) −→ RH1(M,Z).



The Third Skein Module

Definition

Let R = Z[v±1, z±1] and
−→
S 3 the submodule of R

−→L generated by the
skein expression v−1L+ − vL− − zL0. The third skein module of M is
defined as the quotient:

−→
S3(M) =

−→
S3(M;Z[v±1, z±1]; v−1L+ − vL− − zL0) = R

−→L/−→S 3.

−→
S3(S3) = Z[v±1, z±1], and ∅ is the generator of the module.

(Przytycki, 1992):
−→
S3(F × I) has an algebra structure and it is

isomorphic to the symmetric tensor algebra over conjugacy
classes of nontrivial elements of c1(F ).
(Przytycki 1992):

−→
S3(F × I) is an involutory Hopf algebra.

Turaev conjectured this in 1991.
The third skein module of a solid torus was computed by Hoste
and Kidwell in 1987 and independently in 1988 by Turaev.

(Sikora 2001):
−→
S3(M) is related to the algebraic set of SL(n,C)

representations of c1(M).



The kth Skein Module

L0 L1 L2 Lk−1

Definition

Let
−→
S be the submodule of R

−→L generated by the linear skein
expressions r0L0 + r1L1 + . . . rk−1Lk−1, for r0, r1, . . . rk−1 ∈ R. The kth

skein module of M is defined as the quotient:

−→
Sk (M;R) (r0, r1, . . . , rk−1) = R

−→L/−→S .

Note that Sk (M;R) (0, . . . , 0) = R
−→L .



The q-Homotopy Skein Module

Definition

Let R have a fixed element z and an invertible element q. Let S−→q be

a submodule of R
−→L generated by the skein expressions L+ − L− for a

self-crossing and q−1L+ − qL− − zL0 for a crossing between di�erent
components of L±. The q-homotopy skein module is defined as

HSq (M;R, q, z) = R
−→L/S−→q .

If the Euler characteristic j (F ) is negative then the
q-homotopy skein module has torsion.

In 2000 Kaiser fully characterized oriented 3-manifolds for
which the q-homotopy skein module has torsion.



Other Skein Modules

The Framed Second Skein Module (q-deformation of the first
homology group)

The Framing Skein Module

The Homotopy Skein Module

The Fourth, Unoriented Skein Module

The Vassiliev-Gussarov Skein Module

The Dubrovnik Skein Module

There is also an approach to 4-dimensional skein modules
using approaches by Kamada and Kawauchi.



The Kau�man Bracket Skein Module

Definition

Let A be a fixed invertible element in R and let RLfr be the free
R-module generated by Lfr and Ssub2,∞ the submodule of RLfr

generated by all (local) skein expressions of the form:

(i) L+ − AL0 − A−1L∞, and

(ii) L t © + (A2 + A−2)L,

where L+, L− and L0 are as follows:

L+ L0 L∞
The Kau�man bracket skein module (KBSM) of M is defined as the
quotient:

S2,∞(M;R,A) = RLfr/Ssub2,∞.



The Kau�man Bracket Skein Module

Notice that L(1) = −A3L in S2,∞(M;R,A), where L(1) denotes
the link obtained from L by twisting the framing of L by a
positive full-twist.

For simplicity we use the notation S2,∞(M) when R = Z[A±1].

= A +A−1 = A(−A2−A−2) +A−1



Properties of KBSMs, Przytycki 1987

An orientation preserving embedding of 3-manifolds yields a
homomorphism of their KBSMs.
If N is obtained from M by adding a 3-handle to M, then the
associated embedding yields an isomorphism of the KBSMs of
M and N .
Let (M, mM) be a 3-manifold and let W be a simple closed curve
on mM. Let N = MW be the 3-manifold obtained from M by
adding a 2-handle along W . Then the associated embedding
yields an epimorpshim of the KBSMs of M and N . Furthermore,
the kernel of epimorphism is generated by the relations yielded
by 2-handle sliding.
S2,∞(M1 tM2;R,A) = S2,∞(M1;R,A) ⊗ S2,∞(M2;R,A).
Let R and R′ be commutative rings with unity and r : R −→ R′

be a homomorphism. Then the identity map on Lfr induces the
following isomorphism of R′ (and R) modules:

r : S2,∞(M;R,A) ⊗R R′ −→ S2,∞(M;R′, r (A)) .



Properties of KBSMs

Theorem (Przytycki 2000)

If M and N are compact, oriented 3-manifolds and R = Q(A), the field
of rational functions over the invertible variable A, then

S2,∞(M # N ;R,A) = S2,∞(M;R,A) ⊗ S2,∞(N ;R,A) .

Barre� proved that the existence of a spin structure for any oriented
3-manifold M implies that for any knot K in M we can define its
framing, Spin(K ) ∈ Z2, in such a way that the following theorem
holds.

Theorem (Barret 1999)

For any ring R there exists an isomorphism of R-modules
q : S2,∞(M;R,A) −→ S2,∞(M;R,−A) such that
q ( [L]) = (−1)

∑
Spin(K ) [L], where the sum is taken over all connected

components of L.



Wi�en’s Conjecture 2014/2015?

Conjecture

The Kau�man bracket skein module for any closed oriented 3-manifold
over Q(A), the field of rational functions in the variable A, is always
finite dimensional.

This conjecture has never been mentioned in any published
work by Wi�en himself.

The first wri�en documentation of this conjecture was in a
paper by Carrega (2016).

Gunningham, Jordan and Safronov resolved this conjecture in
August 2019 and proved that it is true.

The conjecture does not hold when R = Z[A±1].



Examples of Kau�man Bracket Skein Modules

1 S2,∞(S3) = Z[A±1]∅.
2 Przytycki 1987: S2,∞(F × [0, 1]) is a free module generated by

the empty link ∅ and links in F which have no trivial
components.

3 Hoste-Przytycki 1989: For p ≥ 1, S2,∞(L(p, q)) is a free
Z[A±1]-module and it has bp/2c + 1 free generators.

4 Hoste-Przytycki 1990: S2,∞(S1 × S2) is an infinitely generated
module. More precisely,

S2,∞(S1 × S2)) = Z[A±1] ⊕
∞⊕
i=1

Z[A±1]
1 − A2i+4.

5 Hoste-Przytycki 1992: S2,∞(W ) is infinitely generated, torsion
free, but not free, where W represents the classical Whitehead
manifold.



Examples of Kau�man Bracket Skein Modules

Lé 2006: Computed the KBSMs of the exteriors of 2-bridge
knots. Special cases of the exteriors of 2-bridge knots had been
computed earlier by Bullock and Lofaro.

Gilmer 2007: The KBSM of the quaternionic manifold is a
finitely generated R-module, where R is the ring Z[A±1]
localized by inverting all the cyclotomic polynomials. The basis
consists of five elements.

Dabkowski-Mroczkowski 2009: S2,∞(F0,3 × S1) is an infinitely
generated free Z[A±1]-module.

Carrega 2016: S2,∞(T 3;Q(A),A) is a finitely generated
Q(A)-module with 9 generators.
Gilmer 2018: These generators are linearly independent.

Detcherry-Wol� 2019: For any compact closed oriented surface
F of genus g ≥ 2, S2,∞(F × S1;Q(A),A) is a finite dimensional
Q(A)−module with dimension 22g+1 + 2g + 1.



Generalisation of Wi�en’s Conjecture When R = Z[A±1]

Conjecture (Marché 2019)

Let M be a closed compact oriented 3-manifold. Then there exists an
integer d ≥ 0 and finitely generated Z[A±1]-modules Nk so that

S2,∞(M) = (Z[A±1])d ⊕
⊕
k≥1

Nk,

where Nk is a (Ak − A−k)-torsion module for each k.

A byproduct of the proof by Detcherry and Wol� is that torsion
elements of S2,∞(F × S1;Z[A±1],A) are always of
(Ak − A−k)-torsion for some k ≥ 1.

The conjecture is also true for S2,∞(S1 × S2).



Examples of Kau�man Bracket Skein Modules

Theorem (Mroczkowski 2011)

S2,∞(RP3 # RP3) = Z[A±1] ⊕ Z[A±1] ⊕ Z[A±1] [t]/S, where S is a
submodule of Z[A±1] [t] generated by the following two relations:

(i) (An+1 + A−(n+1) ) (Qn(t) − 1) − 2(A + A−1))
n/2∑
k=1

An+2−4k , for n ≥ 2

even,

(ii) (An+1 + A−(n+1) ) (Qn(t) − t) − 2t
(n−1)/2∑
k=1

An+1−4k , for n ≥ 3 odd.

Here t = −A−3x, that is, t represents x with a negative full-twist, where
x denotes the knot that runs parallel to the core of the solid torus
S1 × D2, and Qn(t) denotes the Chebyshev polynomial of the second
kind. Unlike S2,∞(S1 × S2), this skein module does not split as a sum of
cyclic modules.



The Kaufman Bracket Skein Algebra

S2,∞(F × I;R,A) can be enriched with an algebra structure for
which the identity element is the empty link ∅.

Given two framed links L1 and L2 in F × I, we define their
product L1 · L2 by placing L1 over L2, that is, L1 · L2 is the disjoint
union of L1 and L2 where L1 ⊂ F × ( 12 , 1) and L2 ⊂ F × (0, 1

2 ).
We denote this algebra as SA(F × I;R,A). For brevity, we use
the notation SA(F × I) when R = Z[A±1].
When we switch the order of the factors in the product of two
curves in the basis of SA(F × I;R,A), the roles of A and A−1 are
reversed.



Multiplication of two skeins in SA(F1,0 × I)

∗ = = A +A−1

∗ = = A−1 +A



Important Remarks

If A = ±1 then for any 3-manifold M, S2,∞(M;R,±1) is an
R-algebra and L1 · L2 is defined to be their disjoint sum since
the product does not depend on the relative position of L1 with
respect to L2 in this case. This multiplication is commutative,
associative and has ∅ as the identity.

The isomorphism of modules
q : S2,∞(M;R,A) −→ S2,∞(M;R,−A) is an isomorphism of
algebras q : SA(M;R,−1) −→ SA(M;R, 1).
If i : F ↩→ F ′ is embedding of oriented surfaces then this
induces a homomorphism of skein algebras
i∗ : SA(F × I;R,A) −→ SA(F ′ × I;R,A).



Examples of Kau�man Bracket Skein Algebras

Theorem (Bullock-Przytycki 2000)

SA(S2 × I) � SA(F0,1 × I) � Z[A±1].
The basis of SA(F0,2 × I) is {x i}i∈N, where x i represents i parallel
copies of the homotopically nontrivial curve x in the annulus.
Thus, SA(F0,2 × I) � Z[A±1] [x].
SA(F0,3 × I) � Z[A±1] [x, y, z] where x, y and z represent the
three boundary parallel curves in F0,3 .

{Si (x)} is also a basis for SA(F0,2 × I), where Si denote
Chebyshev polynomials of the second kind. For a framed link L
in the 3-manifold Ann × I, the result of replacing each
component of L by Si (x), where x is the core of the annulus, is
called threading L with Si .

SA(Fg,b × I) is commutative when g = 0 and b ≤ 3.

SA(F × I) is always commutative when A = ±1.



Non-Commutative Examples of KBSAs (F1,0 and F1,1)

A[(1, 0) ∗ (0, 1)] − A−1 [(0, 1) ∗ (1, 0)] = (A2 − A−2) (1, 1) . (0.1)

A[(0, 1) ∗ (1, 1)] − A−1 [(1, 1) ∗ (0, 1)] = (A2 − A−2) (1, 0), (0.2)

A[(1, 1) ∗ (1, 0)] − A−1 [(1, 0) ∗ (1, 1)] = (A2 − A−2) (0, 1) . (0.3)

A2 [(1, 1)2+(1, 0)2]+A−2(0, 1)2−2(A2+A−2)−A((1, 0)∗(0, 1)∗(1, 1)) = 0.
(0.4)

Theorem (Bullock-Przytycki 2000)

SA(F1,1 × I) �
Z[A±1]{(1, 0), (0, 1), (1, 1)}

(0.1), (0.2), (0.3) and

SA(F1,0 × I) �
Z[A±1]{(1, 0), (0, 1), (1, 1)}
(0.1), (0.2), (0.3), (0.4) .



The Product-To-Sum Formula

In 2000 Frohman and Gelca gave an elegant product-to-sum
formula for multiplying curves in SA(T 2 × I). The elements
that enabled them to obtain a neat, compact formula for the
multiplication are Chebyshev polynomials of the first kind.

For p, q relatively prime denote by (p, q) the (p, q)-curve on the
torus. For (p, q) not necessarily coprime, define
(p, q)T = Tgcd (p,q) ( p

gcd (p,q) ,
q

gcd (p,q) ). This is an element of
SA(T 2 × I) obtained by replacing the variable of the Chebyshev
polynomial by the curve on the torus.

(8, 2)T = T2((4, 1)) = (4, 1)2 − 2 · ∅.

Theorem (Frohman-Gelca 2000)

Given two curves (p, q) and (r, s) in T 2 × I,
(p, q)T ∗ (r, s)T = tps−qr (p + q, r + s)T + t−(ps−qr) (p − q, r − s)T .



The KBSA for F0,4

Figure: The curve (3, 7) = 7
3 .



The KBSA for F0,4 and L(2, 1)

Bullock-Przytycki 2000: SA(F0,4 × I) is generated by a1, a2, a3,
a4, (1, 0), (0, 1), and (1, 1).
In 2018 B., Mukherjee, Przytycki, Silvero and Wang provide an
algorithm to compute the product of any two elements in the
skein algebra, and give explicit formulas for some infinite
families of curves. The algorithm is based on the action of the
generators of the mapping class group of F0,4 on the basis
elements of SA(F0,4 × I) and uses an adapted version of the
Euclidean algorithm.

S2,∞(L(2, 1)) has an algebra structure and

SA(L(2, 1)) � Z[A±1] [U]/
(
U2 − A3

A4 − A−4

A − A−1

)
, where U denotes

an orientation reversing curve in RP2. This is one of the very
few cases of twisted I-bundles over unoriented surfaces for
which the skein module has an algebra structure.



The Farey Diagram
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The Positivity Conjecture

�estion

A basis for SA(F × I) over Z[A±1] is positive if the structure constants
for multiplication lie in Z≥0 [A±1]. When is the basis of SA(F × I)
positive?

Theorem (Thurston 2015)

Let T̂n be a normalised Chebyshev polynomial of the first kind
satisfying the recurrence relation T̂n(x) = x ˆTn−1(x) − ˆTn−2(x) with
initial conditions T̂0(x) = 1, T̂1(x) = x, T̂2(x) = x2 − 2. If R = Z and
A = 1, then T̂n is positive on any surface.

Theorem (Lé-Thurston-Yu 2019)

Let R = Z[A±1], (Pn) be normalised with integer coe�icients, and F be
a surface such that g ≥ 1 or b ≥ 4. If (Pn) is positive on F , then
(T̂n) ≤ (Pn) ≤ (Sn).



Properties of Kau�man Bracket Skein Algebras

Theorem (Bullock 1999, Przytycki-Sikora 2000)

If F is a compact oriented surface, then SA(F × I) is finitely generated,
and the minimal number of generators is 2rank (H1 (F )) − 1.

Theorem (Przytycki-Sikora 2000)

If R = Z[A±1, (A2 + A−2)−1] and F is a disk with d holes, then the
minimal number of generators of SA(F × I;R,A) is d +

(d
2

)
+

(d
3

)
.



Properties of Kau�man Bracket Skein Algebras

Theorem (Przytycki-Sikora 2019)

1 SA(F × I;R,A) has no zero divisors, provided R has no zero
divisors. This in turn implies that if R has no nilpotent elements
then neither does SA(F × I;R,A).

2 Let F be an unoriented surface with even negative Euler
characteristic and M = F ×̂ I. This is the same as saying that M
has an even number of projective planes as factors. Then
SA(M;R,±1) has no zero divisors, provided R has no zero
divisors. This result does not hold when F is the Klein bo�le.
Consider the KBSA of the Klein bo�le

SA(Kb ×̂ I;R,−1) � R[x, y, z]/〈x2 = z2, xy = 2z, zy = 2x〉.

If 2 is an invertible element in R then the right hand side of the
equation above reduces to R[x, y]/〈x (y2 − 4) = 0〉. Thus, it has
zero divisors.



Properties of Kau�man Bracket Skein Algebras

Theorem (Przytycki-Sikora 2019)

If R is an integral domain then SA(F × I;R,A) is Noetherian.
If A4n − 1 is not a zero divisor in R for any n > 0, then the center
of SA(F × I;R,A) is a subalgebra generated by the boundary
components of F .

When A is replaced by a complex root of unity, in addition to the
boundary parallel curves the center of the skein algebra can also
contain other skeins, obtained from the threading procedure that
uses Chebyshev polynomials of the first kind.

Theorem (Frohman - Kania-Bartoszynska - Lé 2019)

Let F be a finite type surface, that is, F is the result of removing
finitely many points from a closed, connected, oriented surface, and let
A be a root of unity. Then SA(F × I;C,A) is finitely generated as a
module over its center.



Connection to the SL(2,C) Character Variety

Definition
An SL(2,C) representation of the fundamental group of M is a
homomorphism d : c1(M) −→ SL(2,C). The character of a
representation is the composition j = trace ◦ d .

Definition
A closed algebraic set X in Cm is the common zero set of an ideal
of polynomials in C[x1, . . . , xm]. The elements of C[x1, . . . , xm] are
polynomial functions on X , and the functions xi are coordinates on
X . The quotient of C[x1, . . . , xm] by the ideal of polynomials
vanishing on X is called the coordinate ring of X .



Connection to the SL(2,C) Character Variety

Denote the set of all characters by X (M). For each W ∈ c1(M)
consider the function tW : X (M) −→ C given by jd ↦−→ jd (W).

Theorem (Culler-Shalen 1983)

There exists a finite set of elements {W1, . . . , Wm} in c1(M) such that
every t is an element of the polynomial ring C[tW1, . . . , tWm].

This theorem was an initial step towards proving a much deeper
result.

Theorem (Culler-Shalen 1983)

If every t is an element of C[tW1, . . . , tWm], then X (M) is a closed
algebraic subset of Cm.

Denot the coordinate ring of X (M) by R(M). Then R(M) lies in
CX (M) , the algebra of functions from X (M) to C.



Connection to the SL(2,C) Character Variety

Theorem (Bullock 1997)

Let q̃ : CLfr −→ CX (M) be the linear map which sends each knot to
the negative of its naturally induced function and each link to the
product of the images of its components. Then q̃ descends to a well
defined map of algebras q : SA(M;C,−1) −→ CX (M) . The image if
this map is the coordinate ring R(M) of X (M) and its kernel is the
ideal consisting of nilpotent elements of SA(M;C,−1).

Theorem

SA(F × I;C,−1) is isomorphic to the coordinate ring of the SL(2,C)
character variety of the fundamental group of the surface.

One must note that when A = 1 a similar result holds, but the
isomorphism depends on the choice of spin structure on M.



, Thank you for viewing ,


